The systems represented by the Choquet or the multi-linear fuzzy integral with respect to fuzzy measure is equivalently decomposable into hierarchically sub-systems through the use of Inclusion-Exclusion Covering (IEC) (Theorem 4.1,4.2) . Hence, IEC is one of very useful concepts/indexes for structural analysis of the fuzzy integral systems (short for: the systems represented by the Choquet or the multi-linear fuzzy integral) However, it is quite difficult to identify all IEC's. This paper shows a method for identifying it easily, through the use of Möbius inversion(Theorem 5.1).
Introduction
In previous works 11 , it has been shown that the Inclusion-Exclusion Covering (IEC)
is a very useful and important concept for structural analysis of the Choquet integral systems (short for: systems represented by the Choquet integral): suppose that X is the set of all attributes, f (x) is the partial evaluation for each attribute x ∈ X of object f , and z is its overall evaluation. Then, the Choquet integral system is the system whose input is f (x) and whose output z is represented by (C) f dµ, where µ is a fuzzy measure. Hence IEC model, that is the extended linear model, represented by a linear combination of some sub-fuzzy integral systems (short for: sub-systems represented by the Choquet or the multi-linear integral), as shown in Figure 1 is proposed and applied, with good results. However, identifying and finding out the IEC is quite difficult. In fact, for objects with more than 8 attributes, it is generally impossible to identify all IEC's by exhaustive search in real time. The reason is that as the number of attributes increase, the number of coverings of the set of all attributes increases astronomically. Recently, a method based on genetic algorithm for identifying IEC's has been proposed by Sugeno and Kwon 10 and applied. But, there is no guarantee that this method will be able to identify every IEC in theoretical sense. Our aims, in this paper, are: to characterize fuzzy integral systems and to provide a convenient representation of IEC for identifying it, through the use of Möbius inversion. In the remainder of this introduction, we shall indicate the contents of the 5 sections as follows: Section 2 provides notations and basic definitions for this paper. Section 3 shows some preliminary propositions and a lemma. Section 4 provides some theorems for a hierarchical decomposition of fuzzy integral systems and specify the hierarchical structure. This leads us to that hierarchical structures are characterized through the use of IEC's and every IEC is generated from the finest irreducible IEC. Section 5 provides a characterization of the IEC using Möbius inverse(Theorem 5.1,5.2). It is a very convenient representation for identifying IEC's and the main theorem in this paper. Accordingly, we obtain the essential hierarchical structure of the fuzzy integral system. Moreover, some relations among the IEC and several notions, e.g. interaction representation, k-order additive fuzzy measure, are shown. Section 6 conclude this paper.
In the sequel |A| denotes the cardinality of a set A, while A \ B is the set difference between A and B.
Notation and basic definitions
Throughout this paper we assume that X is a finite set and X is the power set of X. That is, monotonic fuzzy measure is a special case of the non-monotonic fuzzy measure. Every non-monotonic fuzzy measure is represented as the subtraction of two monotonic fuzzy measures 6 . Althogh a non-monotonic fuzzy measure should be called a set function with µ(∅) = 0, we use the terminology "non-monotonic fuzzy measure" for compatibility with the preceding paper. 
A totally monotonic fuzzy measure is monotonic fuzzy measure.
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Definition 2.4 (Choquet integral)
The Choquet integral of a measurable function f : X → R with respect to a non-monotonic fuzzy measure µ is defined by
where
That is, from the fact X is finite set and f is finite, every measurable function f on X can be written as a simple function
The Choquet integral of a simple function f written as (3) can be written as
From the fact that µ(X) is finite, the Choquet integral can be written as
Accordingly, in the case where both µ and f is finite, it suffice to consider the case where f is non negative, since f + b n is a non-negative function.
Definition 2.5 (Möbius inversion)
To any non-monotonic fuzzy measure, another set function m : X → R can be associated by
This correspondence proves to be one-to-one, since conversely
The validity of (7) is proven by Shafer 8 , who call the correspondence Möbius in-
In evidence theory 8 , it is well known that Möbius inversion f ormula is used to pass from the belief f unction to corresponding basic probability assignment. That is, if µ is totally monotone
Definition 2.6 (k-order additive fuzzy measure) 3 A fuzzy measure µ : X → R is said to be k-order additive if max{|A||m(A) = 0} = k. 4 The multi-linear fuzzy integral of a measurable function f : X → R with respect to a non-monotonic fuzzy measure µ is defined by
Definition 2.7 (multi-linear fuzzy integral)
where m is the Möbius inverse of non-monotonic fuzzy measure µ. Clearly, if µ is additive, from Definition 2.5, this coincides with the ordinary discrete integral.
Definition 2.8 (null set)
5 A set N ∈ X is called a null set (with respect to µ) if
for every A ∈ X .
Definition 2.9 ( Inclusion-Exclusion Covering (IEC))
A finite measurable cov-
for every A ∈ X . If µ is additive, it follows from the principle of inclusion and exclusion that every measurable covering of X is an IEC.
Preliminary propositions
Unless we explicitly state otherwise, we assume that µ is a non-monotonic fuzzy measure.
Proposition 3.1 1, 7 The Choquet integral of a measurable function f :X → R + with respect to a non-monotonic fuzzy measure µ is also represented using the Möbius inverse as follows:
where x∈A f (x) = min x∈A f (x).
Thus, the Choquet integral can be interpreted as the sum of the product of a kind of values/evaluations ∧ x∈A f (x) on A and a kind of weights m(A) of A for every A ∈ X . That is, we can see that the representation of the Choquet integral resembles one of the multi-linear fuzzy integral through the use of Möbius inversion. In the Choquet integral systems, the evaluation on the set of attributes "A" is obtained as the minimal evaluation of each attribute x ∈ A. On the other hand, in multi-linear fuzzy integral systems, it is obtained as the product of the evaluation values. 5 If N is a null set, then
Proposition 3.2
and
for every measurable function f on X.
The above proposition shows that a null set (of attributes) is a set (of attributes) which does not influence overall evaluation. Hence by removing such a set (of attributes) we can obtain the system which is simpler than, and equivalent to, the original one.
Considering the hierarchical decomposition of the Choquet or the multi-linear fuzzy integral systems, the following lemma will become very useful and a powerful tool.
Lemma 3.1 11 Let C = {C i } i∈{1,...,n} be a measurable covering of X. Then there exists an n-ary class of non-monotonic fuzzy measures {µ Ci (·)} i∈{1,...,n} on {A ∩ C i |A ∈ X } i∈{1,...,n} such that
if and only if C is an IEC.
Hierarchical Decomposition
In this section, we provide hierarchical decomposition theorems for the Choquet and the multi-linear fuzzy integral systems, and discuss the structural analysis method based on the theorems for both systems. We use the term "the fuzzy integral" as "both the Choquet and the multi-linear fuzzy integral."
Decomposition theorems
Theorem 4.1 11 Let C = {C i } i∈{1,...,n} be a measurable covering of X. Then there exists an n-ary class of non-monotonic fuzzy measures {µ Ci (·)} i∈{1,...,n} on {A ∩ C i |A ∈ X } i∈{1,...,n} such that
for every measurable function f on X, if and only if C is an IEC.
Theorem 4.2 Let
..,n} be a measurable covering of X. Then there exists an n-ary class of non-monotonic fuzzy measures {µ Ci (·)} i∈{1,...,n} on {A ∩ C i |A ∈ X } i∈{1,...,n} such that
Proof. Now put µ
Then, it follows from Definition 2.5 that
, by lemma 5.1 to be shown later,
Conversely, let us show that (16) implies that C is an IEC. By considering the integral of 1 A , ∀A ∈ X , we obtain that
Therefore, it follows from lemma 3.1 that C is an IEC.
Hence, a decomposition of the fuzzy integral system is characterized using the IEC. Therefore, by finding out an IEC, we can obtain and grasp a structure of the fuzzy integral system. For example, if {x 1 , . . . , x 7 } is the set of all attributes and {{x 1 , x 2 }, {x 2 , x 3 , x 4 }, {x 4 , x 5 }, {x 6 }} is an IEC, then the ordinary fuzzy integral system is decomposable into an equivalent, in the view point of the relation between input and output, hierarchical one as shown in Figure 1 , where the Choquet integral in Figure 1 can be replaced as well by the multi-linear fuzzy integral.
..,n} be a measurable covering of X and µ be a totally monotonic fuzzy measure. Then there exists an n-ary class of monotonic fuzzy measures {µ Ci (·)} i∈{1,...,n} on {A ∩ C i |A ∈ X } i∈{1,...,n} such that
for every measurable function f on X, if and only if C is an IEC. 
Proof
Structure on the set of IEC's
In previous subsection, we show that the IEC is a very useful tool/index for structural analysis of the fuzzy integral systems. However, there exist generally more than one IEC, that is, we obtain more than one structure of it. Then, how do we grasp the structure of this? In this subsection, we show some properties on the set of all IEC's for obtaining the essential structure of the fuzzy integral system.
Definition 4.1 (inter-refinement)
11 Let C and D be two finite measurable cov- Hence all we have to do is to focus on the irreducible IEC which is defined as follows. 11 An irreducible covering C of X is a finite covering satisfying the following: From the above propositions and the theorem, we can see that every IEC is generated by the finest irreducible IEC. That is, every structure obtained by an IEC is induced by the one obtained by the finest irreducible IEC. Hence, all we have to do is focus on and find out the finest irreducible IEC.
Definition 4.2 (irreducible covering)
C = D, whenever C ⊆ D, C, D ∈ C.
Möbius inverse and IEC
Characterization of IEC through the use of Möbius inversion
In the previous section, we provided an interpretation and the role of the finest irreducible IEC by considering the hierarchical decomposition of the fuzzy integral systems. The IEC is a very useful tool/index for a structural analysis and a hierarchical decomposition of the fuzzy integral systems. However, as said in the introduction, the identification of the finest irreducible IEC is quite difficult. Because as the number of attributes increases, the number of all measurable coverings increases astronomically, it is impossible to examine whether each measurable covering satisfies Equation (11), e.g. the definition of the IEC, for every measurable covering of X. In this section, we characterize the IEC through the use of Möbius inversion. From this, we can identify the finest irreducible IEC easily. Proof. Since C is an IEC of X, from lemma 3.1 there exists n-ary class of nonmonotonic fuzzy measures {µ Ci (·)} i∈{1,...,n} on {C i ∩ A|A ∈ X } i∈{1,...,n} such that From this, if {C 1 , C 2 , C 3 } is an IEC, the evaluation ( x∈A f (x), x∈A f (x)) of a object f on the set of attributes "A" as shown in figure 3 does not influence the overall evaluation. That is, the set of attribute "A" which can influence the overall evaluation is only the sets included in each C i . This results is compatible with the fact that the fuzzy integral systems are decomposable into the hierarchical one using an IEC (Theorem 4.1 4.2). Proof. It is obvious from the fact that {N, X \ N } is an IEC.
Assumption 5.1 Now, we assume, in this section, that "A ∈ X is the empty set whenever A is a null set". This assumption means that the set of attributes which does not influence the overall evaluation at all is removed beforehand. The IEC is characterized by the following theorem. 
Interaction representation and IEC
